Abstract. In this paper we produce several new invariants for CR and contact manifolds by looking at the noncommutative residue traces of various geometric Ψ H DO projections. In the CR setting these operators arise from the ∂ b complex and include the Szegö projections acting on forms. In the contact setting they stem from the generalized Szegö projections at arbitrary integer levels of Epstein-Melrose and from the contact complex of Rumin. In particular, we recover and extend recent results of Hirachi and Boutet de Monvel and answer a question of Fefferman. In this paper we exhibit several geometric Ψ H DO projections on CR and contact manifolds whose noncommutative residues yields CR and contact invariants. In particular, when specialized to strictly pseudoconvex CR manifolds they all provide us with answers to Fefferman's question. These operators can be grouped into three families of examples.
Introduction
Motivated by Fefferman's program in CR geometry [Fe] , Hirachi [Hi] recently proved that the integral of the coefficient of the logarithmic singularity of the Szegö kernel on the boundary of a strictly pseudoconvex domain in C n+1 gives rise to a CR invariant. This was subsequently extended to the contact setting by Boutet de Monvel [Bo2] in terms of the Szegö projections of [BGu] . It was then asked by Fefferman whether there exist other examples of geometric operators such that the log singularities of their kernels yield CR invariants.
The aim of this paper is to answer Fefferman's question by showing that there are many such operators. In fact, the Szegö projection and its generalizations in [BGu] are Ψ H DO's in the sense of the Heisenberg calculus of [BG] and [Tay] . Moreover, it has been shown by the author ([Po1] , [Po2] , [Po6] ) that the integral of the log singularity of the kernel of a Ψ H DO gives rise to a noncommutative residue trace for the Heisenberg calculus.
In this paper we exhibit several geometric Ψ H DO projections on CR and contact manifolds whose noncommutative residues yields CR and contact invariants. In particular, when specialized to strictly pseudoconvex CR manifolds they all provide us with answers to Fefferman's question. These operators can be grouped into three families of examples.
The first family of operators arises from the ∂ b -complex on a CR manifold. Under Y (q)-type conditions the Szegö projection, and its equivalents on forms, as well the orthogonal projections onto the kernels of ∂ b and ∂ of these invariants under deformations of the CR structure (see Propositions 4.5 and 4.6).
The Szegö projections of [BGu] on a contact manifold M have been further generalized by Epstein-Melrose [EM] to arbitrary integer level and in such way to act on the sections of an arbitrary vector bundle E over M . These operators are Ψ H DO's and we show that the value of the noncommutative residue of a generalized Szegö projection at a given integer level k is independent of the choice of the operator and is an invariant of the Heisenberg diffeomorphism class of M and of the K-theory class of E (Theorem 5.5). As a consequence this residue is independent of the choice of the contact form and is invariant under deformations of the contact structure (see Proposition 5.6 concerning the last point). Moreover, when k = 0 and E is the trivial line bundle this allows us to recover Boutet de Monvel's result.
The last family of examples stems from the contact complex of Rumin [Ru] . The latter is a complex of horizontal differential forms on a contact manifold which is hypoelliptic in every degree. The orthogonal projections onto the kernels of the differentials of this complex are Ψ H DO's and we show that their noncommutative residues are Heisenberg diffeomorphism invariants, hence don't depend on the contact form (Theorem 6.1). In particular, this implies that these residues are invariant under deformations of the contact structure (see Proposition 6.3).
The proofs for the examples arising from the contact and ∂ b -complexes use simpler arguments than those of [Hi] and [Bo2] , as the results follow from the observation that two Ψ H DO projections with same range or same kernel have same noncommutative residue (Lemma 3.2). The proof for the examples coming from generalized Szegö projections partly relies on the fact that two Ψ H DO projections with homotopic principal symbols have same noncommutative residue (Proposition 3.7). This generalizes the homotopy arguments of [Hi] and [Bo2] .
The fact that the noncommutative residue of a Ψ H DO projection is a homotopy invariant of its principal symbol has another important consequence. Namely, it allows us to give a K-theoretic interpretation of the noncommutative residue of a Ψ H DO projection, which shows the topological significance of this object (see Proposition 7.4). This K-theoretic interpretation is reminiscent to that of the residue at the origin of the eta function of a selfadjoint elliptic ΨDO by AtiyahPatodi-Singer [APS] , but it differs from the latter on the fact that for the Heisenberg calculus the algebra of symbols is not commutative, so that we have to rely on the K-theory of algebras rather than on the K-theory of spaces.
We will address in a forthcoming paper the computation of the invariants constructed in this paper. It is believed that it should be possible to compute the coefficients of the logarithmic singularities of the Ψ H DO projections defining the invariants, or some graded combinitions of them, by making use of some version of the rescaling of Getzler [Ge] . Such computation would be very interesting in view of Fefferman's program and may also have some applications concerning Ramadanov's conjecture.
It would be very important up to determine to find an example of CR and contact manifold for which one of the invariants constructed in this paper is nonzero, but to date the only known results are vanishing results. Hirachi [Hi] and Boutet de Monvel [Bo2] proved that their invariant vanish in dimension 3. It can also be shown that the invariant vanishes on strictly pseudoconvex CR manifolds of dimension 4m + 1 (see [Po5] ) and Boutet de Monvel [Bo3] has announced a proof of the vanishing of the invariant in any dimension, but the details of the proof have not appeared yet.
On the other hand, a well known result of Wodzicki ([Wo1, 7.12] , [BL, Lem. 2.7] ) asserts that the noncommutative residue of a classical ΨDO projection is always zero. Is the same true in the Heisenberg setting? If not it would be interesting to obtain a general formula for computing the noncommutative residue of an arbitrary Ψ H DO projection. This could provide us with another route to compute the invariants of this paper.
Finally, the arguments used in this paper are fairly general and should hold in many other settings as well. In particular, it would be interesting to extend them to the context of (almost) complex manifolds with boundary. Of special interest would be to get an analogue in this context of Hirachi's invariant defined in terms of the Bergman projection.
This paper is organized as follows. In Section 2 we recall the main facts about the Heisenberg calculus and the noncommutative residue for this calculus. In Section 3 we prove general results about noncommutative residues of psivdo projections. In Section 4 we deal with the invariants from the ∂ b -complex on a CR manifold. Section 5 is devoted to the noncommutative residue of generalized Szegö projections on a contact manifold. In Section 6 we deal with the invariants arising from the contact complex. Finally, in Section 7 we give a K-theoretic interpretation of the noncommutative residue of a Ψ H DO projection.
Heisenberg calculus and noncommutative residue
In this section we recall the main facts about the Heisenberg calculus and the noncommutative residue trace for this calculus. We also explain how the invariants of Hirachi and Boutet de Monvel can be interpreted as noncommutative residues.
2.1. Heisenberg manifolds. A Heisenberg manifold is a pair (M, H) consisting of a manifold M d+1 together with a distinguished hyperplane bundle H ⊂ T M . This definition covers many examples: Heisenberg group, CR manifolds, contact manifolds, (codimension 1) foliations and the confoliations of [ET] . In addition, given another Heisenberg manifold (M ′ , H ′ ) we say that a diffeomorphism φ : M → M ′ is a Heisenberg diffeomorphism when φ * H = H ′ . The terminology Heisenberg manifold stems from the fact that the relevant tangent structure in this setting is that of a bundle GM of graded nilpotent Lie groups (see [BG] , [Be] , [EM] , [FS] , [Gro] , [Po3] , [Ro] ). This tangent Lie group bundle can be described as follows.
First, we can define an intrinsic Levi form as the 2-form L : H × H → T M/H such that, for any point a ∈ M and any sections X and Y of H near a, we have
In other words the class of [X, Y ](a) modulo H a depends only on X(a) and Y (a), not on the germs of X and Y near a (see [Po3] ). We define the tangent Lie algebra bundle gM as the graded Lie algebra bundle consisting of (T M/H) ⊕ H together with the fields of Lie bracket and dilations such that, for sections X 0 , Y 0 of T M/H and X ′ , Y ′ of H and for t ∈ R, we have
Each fiber g a M is a two-step nilpotent Lie algebra, so by requiring the exponential map to be the identity the associated tangent Lie group bundle GM appears as T M/H ⊕ H together with the grading above and the product law such that, for
′ /H ′ and from H onto H ′ which together give rise to a linear isomorphism φ
2.2. Heisenberg calculus. The Heisenberg calculus is the relevant pseudodifferential calculus to study hypoelliptic operators on Heisenberg manifolds. It was independently introduced by Beals-Greiner [BG] and Taylor [Tay] (see also [Bo1] , [Dy1] , [Dy2] , [EM] , [FS] , [RS] ). The initial idea in the Heisenberg calculus, which is due to Stein, is to construct a class of operators on a Heisenberg manifold (M d+1 , H), called Ψ H DO's, which at any point a ∈ M are modeled on homogeneous left-invariant convolution operators on the tangent group G a M .
Locally the ΨDO's can be described as follows. Let U ⊂ R d+1 be a local chart together with a frame X 0 , . . . , X d of T U such that X 1 , . . . , X d span H. Such a chart is called a Heisenberg chart. Moreover, on R d+1 we consider the dilations,
, in the sense that, for any integer N and for any compact K ⊂ U , we have
where we have let
Next, for j = 0, . . . , d let σ j (x, ξ) denote the symbol (in the classical sense) of the vector field
, called the symbol of P , and some smoothing operator R.
For any a ∈ U there is exists a unique affine change of variable ψ a :
is a Ψ H DO of order m if, and only if, its kernel k P (x, y) has a behavior near the diagonal of the form,
\0)) such that a j (x, λ.y) = λ j a j (x, y) for any λ > 0. Moreover, a j (x, y) and c α (x), α = j, depend only on the symbol of P of degree −(j + d + 2).
The class of Ψ H DO's is invariant under changes of Heisenberg chart (see [BG, Sect. 16 From now on we let (M d+1 , H) be a compact Heisenberg manifold and we let g * M denote the (linear) dual of the Lie algebra bundle gM of GM with canonical projection pr : M → g * M . As shown in [Po4] (see also [EM] ) the principal symbol of P ∈ Ψ m H (M, E) can be intrinsically defined as a symbol σ m (P ) of the class below. 
Next, for any a ∈ M the convolution on G a M gives rise under the (linear) Fourier transform to a bilinear product for homogeneous symbols, (2.8)
, This product depends smoothly on a as much so to yield a product, * :
This provides us with the right composition for principal symbols, for we have
Notice that when G a M is not commutative, i.e., L a = 0, the product * a is not anymore the pointwise product of symbols and, in particular, is not commutative. Consequently, unless when H is integrable, the product for Heisenberg symbols is not commutative and, while local, it is not microlocal.
, and if E is further endowed with a Hermitian metric then the adjoint P * belongs to Ψ m H (M, E) (see [BG] ). Moreover, as shown in [Po4, Sect. 3.2] , the principal symbols of P t and P * are (2.12)
When the principal symbol of P ∈ Ψ m H (M, E) is invertible with respect to the product * , the symbolic calculus of [BG] allows us to construct a parametrix for P in Ψ −m H (M, E). In particular, although not elliptic, P is hypoelliptic with a controlled loss/gain of derivatives (see [BG] ).
In general, it may be difficult to determine whether the principal symbol of a given Ψ H DO P ∈ Ψ m H (m, E) is invertible with respect to the product * , but this can be completely determined in terms of a representation theoretic criterion on each tangent group G a M , the so-called Rockland condition (see [Po4, Thm. 3.3.19] ). In particular, if σ m (P )(a, .) is pointwise invertible with respect to the product * a for any a ∈ M then σ m (P ) is globally invertible with respect to * .
Then it follows from (2.7) that in a trivializing Heisenberg chart the kernel k P (x, y) of P has a behavior near the diagonal of the form, (2.13)
where a j (x, y) is homogeneous of degree j in y with respect to the dilations (2.2) and c P (x) is the smooth function given by (2.14)
Under the action of Heisenberg diffeomorphisms c P (x) behaves like a density (see [Po1] , [Po6] ). Therefore, the coefficient c P (x) makes intrinsically sense on M as a section of |Λ|(M ) ⊗ End E, where |Λ|(M ) is the bundle of densities on M .
We can now define a functional on Ψ
As shown in [Po1] and [Po6] this functional is the analogue for the Heisenberg calculus of the noncommutative residue of Wodzicki ([Wo1] , [Wo2] ) and Guillemin [Gu1] , since it also arises as the residual trace on integer order Ψ H DO's induced by the analytic continuation of the usual trace to Ψ H DO's of non-integer orders. 
2) For any
we have Res φ * P = Res P . 2.4. Logarithmic singularity of Szegö kernels. Let S be a Szegö projection on a contact manifold M 2n+1 as in [BGu] . This is a FIO with complex phase q(x, y) and near the diagonal the kernel of S a behavior of the form
where α j (x, y) and β j (x, y) are smooth functions defined near the diagonal. The coefficient β 0 (x, x) of the logarithmic singularity makes sense globally as a density on M and so we can define
This is this object which is shown to give rise to a global invariant in [Hi] and [Bo2] .
In fact, the phase q(x, y) vanishes on the diagonal and is such that id x q = −id y q is a nonzero annihilator of H on the diagonal and ℜq(x, y) |x − y| 2 near the diagonal. Therefore, the Taylor expansion of q(x, y) near y = x is of the form,
where q 2 (x, y) := α ≥2 a α (x)ψ x (y) α is nonzero for y = 0 and y close enough to x. In fact, plugging (2.18) into (2.16) shows that the kernel of S has near the diagonal the singularity of the form (2.7) with m = 0 and so S is a zero'th order Ψ H DO. Moreover, as near the diagonal we have log q(x, y) = 2 log ψ x (y) + O(1), we see that c S (
This shows that the invariants considered by Hirachi and Boutet de Monvel can be interpreted as noncommutative residues.
Remark 2.5. Guillemin [Gu2] has defined noncommutative residue traces for some algebras of FIO's, inlcuding the algebra of Töplitz operators on a contact manifold. The latter is an ideal of the algebra of Ψ H DO's (see, e.g., [EM] ) and one can check that in this context Guillemin's trace is equal to − 1 2 Res on Töplitz operators. In particular, we see that L(S) agrees with the noncommutative residue trace in Guillemin's sense of S.
Noncommutative residues of Ψ H DO projections
This section is devoted to proving general results about the noncommutative residues of a Ψ H DO projections.
Throughout all the section we let (M d+1 , H) be a compact Heisenberg manifold equipped with a smooth density > 0 and let E be a Hermitian vector bundle.
Then the orthogonal projection Π 0 onto its range is a zero'th order Ψ H DO and we have Res Π 0 = Res Π.
Proof. It is well known that any projection on L 2 (M, E) is similar to the orthogonal projection onto its range (see, e.g., [Bl, Prop. 4.6.2] ). Indeed, the operator B = 1
a and Q a be the respective model operators at a of B as defined in [Po4, Sect. 3.2] . Recall that the latter are bounded left invariant convolution operators on L 2 (G a M, E a ). Since B = 1 + QQ * it follows from [Po4, Props. 3.2.9, 3.2 .12] that, either
, so it follows from [Po4, Thm. 3.3.10 ] that the principal symbol of B is invertible. Therefore, there exist C ∈ Ψ 0 H (M, E) and smoothing operators R 1 and R 2 such that CB = 1 − R 1 and BC = 1 − R 2 . From this we get
and agrees with C modulo a smoothing operator, hence is a zero'th order Ψ H DO.
Since B −1 is a zero'th order Ψ H DO we deduce that Π 0 = ΠΠ * B −1 is a zero'th order Ψ H DO as well. This implies that A and A −1 are also Ψ H DO's, so as Res is a trace we get Res Π 0 = Res A −1 ΠA = Res Π. The lemma is thus proved.
As a consequence of this lemma we will obtain: Proof. If Π 1 and Π 2 have same range then by Lemma 3.1 their noncommutative residues agree, since their are both equal to that of the orthogonal projection onto their common range.
If Π 1 and Π 2 have same kernel then 1 − Π 1 and 1 − Π 2 have same range, so we have Res(1 − Π 2 ) = Res(1 − Π 2 ). As Res(1 − Π j ) = − Res Π j , j = 1, 2, it follows that we have Res Π 2 = Res Π 1 .
Another consequence of Lemma 3.1 is the following. Proof. By the results of [Po6] we have Res Π * = Res Π t = Res Π, so we only have to check that Res Π is in R. Let Π 0 be the orthogonal projection onto the range of Π. As Π 0 is a selfadjoint Ψ H DO projection we have Res Π 0 = Res Π * 0 = Res Π 0 , so that Res Π 0 is a real number. Since by Lemma 3.1 the latter agrees with Res Π, we see that Res Π is in R as well.
, m ∈ C, with the Fréchet space topology induced by the topology of C ∞ (V × R d+1 ) and the sharpest constants in (2.5). We then let
(i) The kernel of P t is given outside the diagonal by a C 1 -path of smooth kernels;
(ii) For any Heisenberg chart κ : U → V ⊂ R d+1 with a H-frame X 0 , . . . , X d and any trivialization τ : E |U → U × C r we can write
and some C 1 -path R t of smoothing operators, i.e., R t is given by a C 1 -path of smooth kernels.
We gather the main properties of C 1 -paths of Ψ H DO's in the following.
and, in fact, in a local trivializing chart all the homogeneous components of the symbol of P t yield C 1 -paths of homogeneous symbols.
Remark 3.6. In [Po4] the proofs are actually carried out for holomorphic families of ΨDO's, but they remain valid mutatis mutandis for C 1 -paths of Ψ H DO's.
We are now ready to prove that the noncommutative residue of a Ψ H DO projection is a homotopy invariant of its principal symbol. Proof. For j = 0, 1 let F j = 2Π j − 1. Then F 2 j = 1 and the principal symbol of F 0 can be connected to that of F 1 by means of a
and over which there are trivializations τ k :
. Then P t has principal symbol f 0,t for every t ∈ [0, 1] and for j = 0, 1 we have P j = F j .
Next, since f 0,t * f 0,t = 1 we can write
commutes with P t we get
On the other hand, it follows from (2.14) and Proposition 3.5 that Res commutes with the differentiation of C 1 -paths. Since Res is a trace and vanishes on Ψ
Hence we have Res G 0 = Res G 1 . As Res G j = Res F j = Res(2Π j − 1) = 2 Res Π j it follows that Res Π 0 = Res Π 1 as desired.
Invariants from the ∂ b -complex
Throughout all this section we let M 2n+1 be a compact orientable CR manifold with CR bundle T 1,0 ⊂ T C M , so that H = ℜ(T 1,0 ⊕ T 0,1 ) ⊂ T M is a hyperplane bundle of T M admitting an (integrable) complex structure.
4.1. Construction of the CR invariants. Since M is orientable and H is orientable by means of its complex structure, there exists a global non-zero real 1-form θ annihilating H. Associated to θ is the Hermitian Levi form,
We then say that M is strictly pseudoconvex (resp. κ-strictly pseudoconvex) if for some choice of θ the Levi form is everywhere positive definite (resp. has everywhere κ negative eigenvalues and n − κ positive eigenvalues). Let N be a supplement of H in T M . This is an orientable line bundle which gives rise to the splitting,
Notice that this decomposition does not depend on the choice of θ, but it does depend on that of N . Kohn-Rossi ([KR] , [Ko] ) is defined as follows. For any η ∈ C ∞ (M, Λ p,q ) we can uniquely decompose dη as
where ∂ b;p,q η and ∂ b;p,q η are sections of Λ p,q+1 and Λ p+1,q respectively and X 0 is the section of N such that θ(X 0 ) = 1. Thanks to the integrability of T 1,0 we have ∂ b;p,q+1 • ∂ b;p,q = 0, so we get a chain complex.
The ∂ b -complex depends only on the CR structure of M and on the choice of N . The dependence can be determined as follows. Let N ′ be another supplement of H and let us assign the superscipt ′ to objects defined using N ′ , e.g., ∂
be the vector bundle isomorphism of T C M onto itself such that ϕ is identity on T 1,0 ⊕ T 0,1 and ϕ(X 0 ) = X ′ 0 . By duality this defines a vector bundle isomorphism ϕ t from Λ * T * C M onto itself. Then ϕ t induces an isomorphism from Λ p,q onto Λ ′ p,q and restricts to the identity on θ ∧ Λ * T *
is the component in Λ ′ p,q of η with respect to the decomposition (4.3) associated to N ′ . In fact, we can check that we have
Lemma 4.1. For p, q = 0, . . . , n we can write
for some smooth section ψ p,q of Hom(Λ p,q , Λ ′ p,q ).
In view of the definition of ∂ ′ b;p,q we then see that
where π p,q+1 is the projection of Λ * T * [BG, Sect. 21] , [Po4, Sect. 3.5] ). If we let κ + (x) and κ − (x) denote the number of positive and negative eigenvalues of L θ at x, then the condition Y (q) at x requires to have
When the condition Y (q) holds at every point the operator b;p,q is hypoelliptic and admits a parametrix in Ψ −2 H (M, Λ p,q ) and then S b;p,q is a smoothing operator and N b;p,q is a Ψ H DO of order −2. Therefore, using (4.10) we see that if the condition Y (q+1) (resp. Y (q−1)) holds everywhere then Π 0 (∂ b;p,q ) (resp. Π 0 (∂ *
Furthermore, in view of (4.9) we also see that if at every point the condition Y (q) fails, but the conditions Y (q − 1) and Y (q + 1) hold, then the Szegö projection S b;p,q is a zero'th order Ψ H DO projection. Notice that this may happen if, and only if, M is κ-strictly pseudoconvex with κ = q or κ = n − q.
Bearing all this in mind we have: Next, let N ′ be a supplement of H in T M and let h ′ be a Hermitian metric on T C M which commutes with complex conjugation and makes the splitting (4.2) associated to N ′ becomes orthogonal. We shall assign the superscript ′ to objects associated to the data (N ′ , h ′ ). Let X ′ 0 be the section of N ′ such that θ(X ′ 0 ) = 1 and let ϕ = ϕ X0,X 0 ′ be the vector bundle isomorphism of T C M onto itself such that ϕ is identity on T 1,0 ⊕ T 0,1 and ϕ(X 0 ) = X ′ 0 . Since Π 0 (∂ b;p,q ) and Π 0 (∂ * b;p,q ) don't depend on the choice of h ′ we may assume that h ′ = ϕ * h, so that ϕ is a unitary isomorphism from ( 
, that is, the value of Res Π 0 (∂ b;p,q ) does not depend on N . In the same way we can show that when the condition Y (q − 1) holds everywhere the residue Res Π 0 (∂ * b;p,q ) is idependent of the choice made for N . Now, let φ : M → M ′ be a CR diffeomorphism from M onto a CR manifold M ′ . Let N ′ be a supplement of H in T M and let h ′ be a Hermitian metric on T C M ′ which commutes with complex conjugation and makes the splitting (4.2) of T C M ′ associated to N ′ becomes orthogonal. We will assign the superscript ′ to objects related to M ′ . Since the values of the noncommutative residues (i)-(ii) related to M ′ are independent of the data (N , h), we may assume that N = φ * N and h ′ = φ * h, so that φ gives rise to a unitary isomorphism from 
4.2.
Invariance under deformation of the CR structure. We now look at the behavior of the invariants of Theorem 4.2 under deformations of the CR structure. First, we look at what happens under deformations of the complex structure of H. In particular, such a deformation is given a smooth family (J t ) t∈R ⊂ C ∞ (M, End R H) such that for any t ∈ R we have J Proof. First, let J be the original complex structure of H. Then any section of T 1,0 = ker(J − i) is of the form X − iJX for some section X of H. Let X and Y be sections of H. Then the integrability condition on T 1,0 implies that we have
which gives dθ(JX, JY ) = dθ(X, Y ) and dθ(JX, Y ) = −dθ(X, JY ). Thus, (4.13)
Hence X(a) − iJX(a) is in the kernel of L θ (a) if, and only if, X(a) and JX(a) are in that of dθ(a).
Conversely, since dθ(a)(JX(a), Y (a)) = −dθ(X(a), JY (a)) we see that X(a) is in the kernel of dθ if, and only if, so is JX(a). It thus follows that the rank of dθ(a) is twice that of L θ (a). Incidentally, the latter is idependent of the choice of J, hence is invariant under Heisenberg preserving deformations of the CR structure.
Next, let (J t ) t∈R be a smooth family of complex structures on H and for each t let L θ,t be the Levi form (4.1) on T 1,0,t = ker(J t − i). In order to show that the signature is independent of t we only have to show that the number κ(t) of its negative eigenvalues is constant. Since the latter takes on integer values, it is actually enough to prove that it depends continuously on t.
Let t 0 ∈ R and let X 1 , . . . , X 2n be a local frame of H near a such that X n+j = J t0 X j for j = 1, . . . , n. For t ∈ R and j = 1, . . . , n let Z j,t = X j − iJ t X j . Then Z 1,t (a), . . . , Z n,t (a) depend smoothly on t and there exists δ > 0 such that Z 1,t (a), . . . , Z n,t (a) form a basis of T 1,0;t;a = ker(J t (a) − i) for |t 0 − t| < δ. For t ∈ (t 0 − δ, t 0 + δ) let A(t) = (−idθ(a)(Z j,t (a), Z k,t )) 1≤j,k≤n be the matrix of L θ,t (a) with respect to this basis. This defines a smooth family of n×n Hermitian matrices. Now, the rank of L θ,t (a) and κ(t) are respectively equal to the rank of A(t) and to the number of its negative eigenvalues. In particular, the rank of A(t) is independent of t, say is equal to r. Then all the negative eigenvalues A(t) are contained in the interval [− A(t) , −µ n−r (A(t))], where µ n−r (t) is the (n − r)'th eigenvalue of |A(t)|, i.e., the absolute value of the first non-zero eigenvalue of A(t). Clearly A(t) depends continuously on t, but the same is also true for µ n−r (A(t)) as a consequence of the min-max principle. Therefore, for any δ ′ < δ there exists real numbers c 1 and c 2 with c 2 < c 1 < 0 such that for |t − t 0 | ≤ δ ′ all the negative eigenvalues of A(t) are contained in the interval [c 2 , c 1 ].
For
) be the negative eigenspace of A(t) and let Π − (A(t)) be the orthogonal projection onto E − (A(t)). Then κ(t) is equal to dim E − (A(t)) = Tr Π − (A(t)). Moreover, we have the formula, (4.14)
where Γ is any circle contained in the halfspace ℜλ < 0 that bounds an open disk containing c 2 and c 1 . Since Γ is chosen independently of t it follows from this that
) is a continuous function of t near t 0 .
All this shows that κ(t) is a continuous function of t on R. As alluded to above this implies that the signature of L θ,t is independent of t. Hence the lemma.
Proposition 4.5. The invariants (i)-(iii) of Theorem 4.2 are invariant under deformation of the complex structure of H.
Proof. We will prove the result for Res Π 0 (∂ b;p,q ) only since the proofs for the other residues follow along similar lines.
Let (J t ) t∈R ⊂ C ∞ (M, End R H) be a smooth family of complex structures on H. We can construct a smooth family of admissible Hermitian metric h t on T C M as follows. Let g be a Riemannian metric on H and let us extend it into a Hermitian metric on H ⊗ C such that
Notice that h commutes with complex conjugation.
Let X 0 be the global section of N such that θ(X 0 ) = 1. Then for any t ∈ R we get a Hermitian metric h t on T C M such that
for sections Z, W of H ⊗ C and functions λ, µ on M . This Hermitian metric commutes with complex conjugation. Moreover, as J t is unitary with respect to h t|H , the subbundles T 1,0;t = ker(J t − i) and T 0,1;t = ker(J t + i) are perpendicular with respect to h t , and so the splitting T 1,0;t ⊕ T 0,1;t ⊕ (N ⊗ C) is orthogonal with respect to h t . Therefore (h t ) t∈R is a smooth family of admissible Hermitian metrics on T C M .
We will use the subscript t to denote operators related to the Hermitian metric h t and the CR stucture defined by J t . In addition, we extend J t into a section of End T C M such that J t X 0 = 0. Then J t commutes with its adjoint J * t = −J t with respect to h t , so the orthogonal projection π 0,1;t onto T 0,1;t = ker(J t + i) is
In particular, (π 0,1;t ) t∈R is a smooth family with values in C ∞ (M, End T C M ). Henceforth, the family (π
depends smoothly on t. Therefore, the operator ∂ b,t;p,q = π p,q t
• d, its adjoint ∂ * b,t;p,q and the Kohn Laplacian b,t;p,q gives rise to smooth family of differential operators, hence their principal symbols depend smoothly on t.
Assume now that the condition Y (q + 1) holds everywhere. We know from Lemma 4.4 that this condition holds independently of t, so the family of principal symbols (σ 2 ( b,t;p,q+1 )) t∈R is a smooth family of invertible symbols. Therefore, by the results of [Po4, Chap. 3 ] the family (σ 2 ( b,t;p,q+1 ) * −1 ) t∈R of the inverses is also a smooth family of symbols. Since for any t ∈ R the principal symbol of N b,t;p,q+1 is σ 2 ( b,t;p,q+1 ) * −1 , using (4.10) we see that the principal symbol of Π 0 (∂ b,t;p,q ) depends smoothly on t. It then follows from Proposition 3.7 that Res Π 0 (∂ b,t;p,q ) is independent of t. Hence Res Π 0 (∂ b;p,q ) is invariant under deformations of the complex structure of H.
Finally, when M is κ-strictly pseudoconvex we can deal with general deformations of the CR structure. Proof. We shall prove the result for the invariant (i) only, since the proof is the same for the other invariants.
Since M is κ-strictly pseudoconvex a smooth deformation of the CR structure parametrized by a connected manifold B consists of two pieces:
-A smooth family of contact forms (θ α ) α∈B , so that dθ α is nondegenerate on H α = ker θ α ; -A family (J α ) α∈B such that J α is an (integrable) complex structures on H α depending smoothly on α.
Let α 0 ∈ B. As (θ α ) α∈B is a deformation of the contact structure of M , by a result of Gray [Gr, Sect. 5.1] there exists an open neighborhood B ′ of α 0 in B and a smooth family (φ α ) α∈B ′ of diffeomorphisms of M onto itself such that φ * α H α = H α0 . In addition, for α ∈ B and α ∈ B ′ let T 1,0;α = ker(J α +i) and T ′ 1,0;α = ker(φ * α J α +i). For q = κ, n − κ we shall denote Res Π 0;α (∂ b,α;p,q ) (resp. Res Π ′ 0;α (∂ ′ b,α;p,q )) the invariant (i) from Theorem 4.2 in degree q associated to the CR structure defined by T 1,0;α (resp. T 
Invariants of generalized Szegö projections
Let (M 2n+1 , H) be an orientable contact manifold, i.e., a Heisenberg manifold admitting a real 1-form θ, called contact form, such that θ annihilates H and dθ |H is nondegenerate. Given a contact form θ on M we let X 0 be the Reeb vector field of θ, i.e., the unique vector field X 0 such that ι X0 θ = 1 and ι X0 dθ = 0.
In addition, we let J be an almost complex structure on H which is calibrated in the sense that dθ(X, JX) > 0 for any nonzero section X of H. Extending J to T M by requiring to have JX 0 = 0, we can equip T M with the Riemannian metric g θ,J = dθ(., J.) + θ 2 . In this context Szegö projections have been defined by Boutet de Monvel and Guillemin in [BGu] as FIO's with complex phase. This construction has been further generalized by Epstein-Melrose [EM] as follows.
Let H 2n+1 be the Heisenberg group of dimension 2n + 1 consisting of R 2n+1 together with the group law, form an orthonormal frame of T H 2n+1 with respect to the metric g θ 0 ,J 0 . The scalar Kohn Laplacian on H 2n+1 is equal to
0 is invertible if, and only if, we have λ ∈ ±( n 2 + N) (see [FS] , [BG] ). For k = 0, 1, . . . the orthogonal projection Π 0 ( b + ikX 0 0 ) onto the kernel of b + ikX 0 0 is a left-invariant homogeneous Ψ H DO of order 0 (see [BG, Thm. 6 .61]). We then let s
. Next, since the existence of a contact structure implies that the Levi form (2.1) of (M, H) is everywhere nondegenerate, the tangent Lie group bundle GM is a fiber bundle with typical fiber H 2n+1 (see [Po3] ). A local trivialization near a given point a ∈ M is obtained as follows.
Let X 1 , . . . , X 2n be a local orthonormal frame of H on an open neighborhood U of a and which is admissible in the sense that X n+j = JX j for j = 1, . . . , n. In addition, let X 0 (a) denote the class of X 0 (a) in T a M/H a . Then as shown in [Po3] the map φ X,a : (
gives rise to a Lie group isomorphism from G a M onto H 2n+1 . In fact, as φ X,a depends smoothly on a we get a fiber bundle trivialization of GM | U ≃ U × H 2n+1 . For j = 0, . . . , 2n let X a j be the model vector field of X j at a as defined in [Po3] . This is the unique left-invariant vector field on G a M which, in the coordinates provided by φ X,a , agrees with ∂ ∂xj at x = 0. Therefore, we have X a j = φ * X,a X 0 j and so we get φ * X,a 0
. . ,X 2n is another admissible orthonormal frame of H near a, then we pass from (X On the other hand, as φ X,a induces a unitary transformation from
In fact, since φ X,a depends smoothly on a we obtain:
We call s k the Szegö symbol at level k. This definition a priori depends on the contact form θ and the almost complex structure J, but we have:
Proof. Throughout the proof we let X 1 , . . . , X 2n be an admissible orthonormal frame of H near a point a ∈ M . Let θ ′ be a contact form which is conformal to θ, that is, θ ′ = e −2f θ with f ∈ C ∞ (M, R), and let s ′ k be the Szegö symbol at level k with respect to θ ′ and J.
is an admissible orthonormal frame of H with respect to g θ ′ ,J|H = e 2f dθ(., J.). Moreover, as the Reeb vector field of θ ′ is such that
f (a) and δ λ (x) = λ.x for any x ∈ H 2n+1 . On the other hand, as s 0 k is homogeneous of degree 0 we have δ λ * s form an admissible orthonormal frame with respect to g −θ,−J . Moreover, we have φ X ′ ,a = τ • φ X,a , where we have let τ (x) = (−x 0 , x 1 , . . . , x n , −x n+1 , . . . , x 2n ). Hence s
. . , n and to −X 0 j otherwise, we see that τ
′ be another almost complex structure on H calibrated with respect to θ and let s ′ k be the Szegö symbol at level k with respect to θ and J ′ . Since the space of almost complex structures on H is contractible there exists a smooth path (J t ) 0≤t≤0 of almost complex structures such that J 0 = J and J 1 = J ′ . For any t ∈ [0, 1] the bilinear form dθ(a)(., J t (a).) |H a is nondegenerate, so its signature remains constant, that is, dθ(a)(., J t (a).) |H a is positive definite for every t ∈ [0, 1]. Hence J t is calibrated with respect to θ for all t ∈ [0, 1].
For t ∈ [0, 1] let X j,t = X j if j = 0, 1, . . . , n and X j,t = J t X j otherwise. Then X 1,t , . . . , X 2n,t is an admissible orthonormal frame of H with respect to g θ,Jt and the isomorphism φ Xt,a : G a M → H 2n+1 depends smoothly on a and t. Therefore,
. From now on we let E be a Hermitian vector bundle over M .
Generalized Szegö projections at level k always exist (see [EM, Prop. 6 ] and Lemma 7.3). Moreover, when k = 0 and E is the trivial line bundle the above definition allows us to recover the Szegö projections of [BGu] , for we have:
be a Szegö projection in the sense of [BGu] . Then S is a generalized Szegö projection at level 0.
Proof. We saw in Section 2 that S is a zero'th order Ψ H DO. Moreover, if q(x, y) is the complex phase of S then it follows from (2.18) that at a point a ∈ M the model operator S a of S in the sense of [Po4, Def. 3.2.7 ] is a Szegö projection, whose complex phase is given by the leading term at x = a in (2.18). In particular, under the identification G a M ≃ H 2n+1 provided by a map φ X,a as in (5.5) we see that (φ X,a ) * S a is a Szegö projection on H 2n+1 . In fact, as (φ X,a ) * S a is left-invariant and homogeneous this is the Szegö projection Π 0 ( b ) considered above, so that (φ X,a ) * S a has symbol s 0 0 . Since by definition S a has symbol σ 0 (S)(a, .) we see that σ 0 (S) = s 0 . Hence S is a generalized Szegö projection at level 0.
In particular, when M is strictly pseudoconvex the Szegö projection S b,0 is a generalized Szegö projection at level 0.
Next, we recall that the K-group K 0 (M ) can be described as the group of formal differences of stable homotopy classes of (smooth) vector bundles over M , where a stable homotopy between vector bundles E 1 and E 2 is given by an auxiliary vector bundle F and a vector bundle isomorphism φ : E 1 ⊕ F ≃ E 2 ⊕ F. 
be a contact manifold together with a calibrated almost complex structure on 
To see this let X 1 , . . . , X 2n be an admissible orthonormal frame near a point a ∈ M and for j = 0, .., 2n let X
is an admissible orthonormal frame of H ′ near a ′ = φ −1 (a) with respect to g θ ′ ,J ′ = φ * g θ,J . Moreover, by the results of [Po3] for j = 0, 1, . . . , 2n we have (X 
Let us now prove that Res S k is an invariant of the K-theory class of E. Let φ be a vector bundle isomorphism from E onto a vector bundle E ′ over M and let
Next, for j = 1, 2 let E j be a vector bundle over M and let S k,Ej ∈ Ψ 0 H (M, E j ) be a generalized Szegö projection at level k acting on the section of E j . In addition, let S k,E1⊕E2 ∈ Ψ 0 H (M, E 1 ⊕E 2 ) be a generalized Szegö projection at level k acting on the section of E 1 ⊕E 1 . Then S k,E1 ⊕S k,E2 is a Ψ H DO projection acting on the sections of E 1 ⊕ E 2 with principal symbol s k ⊗ id E1⊕E2 , hence is a generalized Szegö projection at level k. Hence Res S k,E1⊕E2 = Res(S k,E1 ⊕ S k,E2 ) = Res S k,E1 + Res S k,E2 .
Finally, let E ′ be a (smooth) vector bundle in the K-theory class of E, so that there exist an auxiliary vector bundle F and a vector bundle isomorphism φ from
k be a generalized Szegö projection at level k acting on the sections of E ′ and let S k,F (resp. S k,E⊕F , S k,E ′ ⊕F ) be a generalized Szegö projection at level k acting on the sections of F (resp. E ⊕ F, E ′ ⊕ F). Then we have Res S k,E⊕F = Res S k,E ′ ⊕F and similarly Res S k + Res S k,F = Res S k,E⊕F and Res
Finally, by arguing as in the proof of Proposition 4.6 we obtain: Proposition 5.6. The noncommutative residue of a generalized Szegö projection at level k is invariant under deformations of the contact structure.
6. Invariants from the contact complex Let (M 2n+1 , H) be an orientable contact manifold. Let θ be a contact form on M and let X 0 be its Reeb vector field of θ. We also let J be a calibrated almost complex structure on H and we endow T M with the Riemannian metric g θ,J = dθ(., J.) + θ 2 as defined in the previous section. Observe that the splitting T M = H ⊕ RX 0 allows us to identify H * with the annihilator of X 0 in T * M . More generally, identifying Λ k C H * with ker ι X0 , where ι X0 denotes the contraction operator by X 0 , gives the splitting
For any horizontal form η ∈ C ∞ (M, Λ The contact complex of Rumin [Ru] is an attempt to get a complex of horizontal differential forms by forcing the equalities d is injective for k ≤ n − 1 and surjective for k ≥ n + 1. This implies that Λ k 2 = 0 for k ≤ n and Λ k 1 = 0 for k ≥ n + 1. Therefore, we only have two halves of complexes. As observed by Rumin [Ru] we get a full complex by connecting the two halves by means of the operator D R,n : C ∞ (M, Λ H (M, E) for any integer N . Then we obtain (1 − R 1 )Q 2 = 1 mod Ψ −∞ (M, E) and, letting F = P Q and using the fact that R 1 = 1 − P 2 commutes with P , we see that F 2 = P 2 Q = (1 − R 1 )Q = 1 − R for some smoothing operator R.
Next, as for λ ∈ C we have (F − λ)(F + λ) = F 2 − λ 2 = 1 − λ 2 − R, we see that λ ∈ Sp F if, and only if, λ 2 − 1 ∈ Sp R. Since R is smoothing this is a compact operator and so Sp R \ {0} is bounded and discrete. Incidentally Sp F \ {±1} is a discrete set. Moreover, for λ ∈ (Sp F ∪ {±1}) we have (7.2) (F − λ) −1 = (F + λ)(1 − λ 2 − R) 2 = (λ 2 − 1) −1 (F + λ) − (F + λ)S(1 − λ 2 ), where for µ ∈ Sp R ∪ {0} we have let S(µ) = (µ − R) −1 − µ −1 . At first glance (S(µ)) µ ∈Sp R∪{0} is a holomorphic family of bounded operators, but the equalities S(µ) = µ −1 R(µ − R) −1 = µ −1 (µ − R) −1 R imply that it actually is a holomorphic family of smoothing operators. Now, since Sp F \ {±1} is discrete we can find positive numbers 0 < r 1 < r 2 < 2 such that the region r 1 < |λ − 1| < r 2 is contained in the complement of Sp F , so that (F − λ) −1 is a holomorphic family with values in Ψ 0 H (M, E) on that region. Therefore, for r ∈ (r 1 , r 2 ) we define a projection in L 2 (M, E) by letting (7.3) Π = 1 2iπ |λ−1|=r (F − λ) −1 dλ.
In fact, as (S(µ)) µ ∈Sp R∪{0} is a holomorphic family of smoothing operators, it follows from (7.2) that, up to a smoothing operator, Π agrees with (7.4) 1 2iπ |λ−1|=r (λ 2 − 1) −1 (F + λ)dλ = 1 2 (F + 1).
Hence Π is a zero'th order Ψ H DO projection with principal symbol 1 2 (f 0 + 1) = π 0 . The lemma is thus proved.
We can now give the topological interpretation of the noncommutative residue of a Ψ H DO projection.
